
Lista 3 - Gabarito

1)

P (N(s) = k|N(t) = n) =
P (N(t) = n|N(s) = k)P (N(s) = k)
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3)
Sabemos que se Xi v.a. Poi(λi),

∑n
i=1Xi ∼ Poi(

∑n
i=1 λi), então como N1(t) ∼ Poi(λ1)

e N2(t) ∼ Poi(λ2), N(t) = N1(t) +N2(t) ∼ Poi(λ), λ = λ1 + λ2

P (N1(t) = 1|N(t) = 1) =
P (N(t) = 1|N1(t) = 1)P (N1(t) = 1)

P (N(t) = 1)
=
P (N2(t) = 0)P (N1(t) = 1)
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=
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4)
a)P (N(T ) = 0) = e−λT

b)X(t) = tempo de espera

E[X(t)] = E[X(t)IT1<T +X(t)IT1>T ] = E[X(t)IT1<T ] = E[T1 + E[X(t)]]

=

∫ T
0
λte−λtdt

P (T1 > T )
=

1−e−λt(1+λt)
λ

e−λT
=

1− e−λt

λ
− T

5)
a)E[N(T )] = E[E[N(T )|T ]] = E[λT ] = λE[T ] = λµ
b)E[TN(T )] = E[E[TN(T )|T ]] = E[TλT ] = λE[T 2]
Cov(T,N(T )) = E[TN(T )]− E[T ]E[N(T )] = λE[T 2]− E[T ]λE[T ] = λσ2

c)E[N2(T )] = EE[N2(T )|T ] = E[λT + (λT )2] = λE[T ] + λ2E[T 2]
V ar(N(T )) = E[N(T )2]− E[N(T )]2 = λE[T ] + λ2E[T 2]− (λE[T ])2 = λµ+ λ2σ2

6)
X(t) ∼ Poi(32

3
) = Poi(2)

P (X(t) = 0) = e−2t

E[X(t)] = 2

7)
N1(t) ∼ Poi(λP1(t)) = Poi(λe−t)

8)
a)
Tipo 1 - cliente ”antigo”chegar antes de s e saiu depois de t+s
Tipo 2 - cliente ”novo”chegar depois de s e saiu depois de t+s
Tipo 3 - chegar antes de s e sair entre s e s+t
Tipo 4 - outros

p1(u) = P (servico > t+ s− u) = e−µ(t+s−u), u < s

p2(u) = e−µ(t+s−u), s < u < t+ s

p3(u) = P (s− u < servico < t+ s− u) = 1− e−µ(t+s−u) − (1− e−µ(s−u)) =
= e−µ(s−u) − e−µ(t+s−u), u < s

X(s) = N1(t+ s) +N3(t+ s)
X(t+ s) = N1(t+ s) +N2(t+ s)
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E[X(t+ s)|X(s)] = E[X(s)−N3(t+ s) +N2(t+ s)|X(s)] =

= X(s) + E[N2(t+ s)]− E[N3(t+ s)|X(s)]

= X(s)−X(s)(1− e−µt) + λ

µ
(1− e−µt)

= X(s)e−µt +
λ

µ
(1− e−µt)

Pois:
E[N3(t+ s)|X(s) = k] = k(1− e−µt)

E[N2(t+ s)] =
∫ t+s
s

λe−µ(t+s−u)du = λe−µ(t+s)
eµ(t+s) − eµs

µ
=
λ

µ
(1− e−µt)

b)
Tipo 1 - chegou antes de t, saiu depois de t
Tipo 2 - chegou antes de t, saiu antes de t
X(t) = N1(t) ⊥ Y (t) = N2(t)
P1(u) = P (servico > t− u) = e−µ(t−u)

E[X(t)|Y (t) = n] = E[X(t)] = λ
∫ t
0
P1(u)du =

λ

µ
(1− e−µt)
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